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Figure S1. Feedback logic and
CoRa values. We abstract the
control system to a two-node net-
work where one node represents the
output to be controlled (Y'), and
the other the rest of the system in-
cluding the dependency on the pa-
rameter p to be perturbed (z(p)).
The locally analogous system can
be represented as an equivalent net-
work, with a third node () that rep-
resent the new input into the z(p)
node. The other link from z(p) to
the output (Yyr; link #1) remains
the same between the two networks.
(Left column) The sign of link #1
can be determined by comparing
the output before (Yyrlo = Y|o)
and after (Yyr|o,p—p ) the pertur-
bation. For a positive perturba-
tion, link #1 is positive (#1 (+))
if and only if Ynrple sy > Y,
or negative (#1(—)) if and only
if YNF|®,p—>p’ <Y. (Mlddle col-
umn) The sign of the feedback
link from the output to the z(p)
node (link #2) can be determined
by comparing the output after the
perturbation in the feedback sys-
tem (Yle,,—,) and in the locally
analogous system (Ynrplo p—p). It
is positive (#2(+)) if and only
if Yiepspy > Ynrlopop, or
negative (#2(—)) if and only if
Y|@7p_,p/ < YNF|G),p—>p’- (Right
column) Given the formula for
CoRa, we can see that CoRageo(p)
is bound between 0 and 1 whenever
we have a negative feedback, and
bigger than 1 in the case of a posi-
tive feedback.
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Figure S2. Antithetic feedback control performance depends on controlled subsystem. Three different
subsystems (Egs. of increasing complexity (controlled subsystem highlighted in gray) controlled by the antithetic
feedback control (ATF) can be compared using the CoRa function. (A) CoRa plots for modified ATF with inactive
complex C (v1). First row shows a schematic controlled subsystem. CoRa,,, co(ty) is computed for 7 different values
of a given parameter that is also varied in addition to py. The identity and nominal value of the varied parameter
(either uy the W synthetic rate, or ny the U : W binding rate) is indicated on every plot, and how it is varied is
shown in between the two panels of the figure with appropriate color-coding information. (B) Same as (A) but
modified ATF with active complex C' (v2). See Section [S4| for equations and Table [S2| for parameter values.
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Figure S3. CoRa can be computed for perturbation of any parameter as a function of another
parameters. Plots are shown for the two versions of the modified antithetic feedback (ATF) control. (A) CoRa
plot as a function of U synthesis rate (uy) as py itself is perturbed. (B) CoRa plot as a function of Y synthesis
rate (puy) as py is perturbed. (C) CoRa plot as a function of Y synthesis rate (uy) as W synthesis rate (uw) is

perturbed. ATF v1, blue continuous lines; ATF v2, pink long-dash lines. See Section [S4] for equations and Table
for parameter values.
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Figure S4. Effect of dilution on the modified antithetic feedback (ATF) control and system saturation.
Effect of dilution (v; see column titles) on the ATF control performance following perturbations to py, the synthesis
rate of Y, as this parameter itself is varied, with either inactive (v1; A) or active (v2; B) complex C. (A) For ATF
vl, as py decreases, CoRay,, co(py) increases. When W steady state concentration (W) saturates approaching its
limit value (,Yi‘fy’w), CoRay, co(py) approaches 1. On the other extreme, as py increases, CoRay, co(uy) increases.

When total W at steady-state (Wrp s = Wy, + Css) concentration saturates (Wrp g5 — 7+vl€v7w+m)’ U steady-state

concentration (Uss) cannot increase proportionally to py to allow free Wi, to decrease in the same proportion (given
that in steady state, Wy, = Kd == see Section |S2.1.1)). (B) For ATF v2, CoRay, co(py) increases for both low and
high py values as total W steady state concentration (Wr s = WSS + Cjs) saturates, reaching its higher (vi‘:va)
and lower (W) limit values, respectively (see Section . In all plots, limits are shown as horizontal gray

lines, and gray dashed lines increasing or decreasing proportionally to py are shown as reference. See Section [S4] for
equations and Table [S2| for parameter values.
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Figure S5. Negative auto-regulation affecting synthesis represented by Michaelis-Menten function
limits control performance in multiple motifs, but is alleviated by ultrasensitivity. In this figure, the
negative auto-regulation function is modeled as a negative Hill function, fo(Y) = ug#’%{g, where pp is the
maximum synthesis rate, Kp is the EC5p, and n is the Hill coefficient. Four of the explored motifs in Fig. 3 include
negative synthesis regulation (fg(Y)): (A-B) Buffering + Negative Feedback (BNF v1 & v2; Fig. 3G-H), (C)
Feedback + Feedforward Loop (FFL; Fig. 3I), and (D) Brink Motif Feedback with repression of activator (BMF
v2; Fig. 3K). For each motif, plots show CoRa function for perturbations to the Y synthesis rate (uy) as the Hill
coefficient n increases. (In all cases, the black line corresponds to the black line in Fig. 3). For (D) BMF v2, we
also show how the CoRa function changes while increasing the inactivation rate 8; ([nM ! min=1]) from U to Up,
which is dependent on I. We corroborate that, as shown by Samaniego & Franco , the BMF motif displays high
ultrasensitivity, and the ultrasensitivity increases as B; increases. In all cases, higher ultrasensitivity (either by
increasing the Hill coefficient n or 5; for BMFv2) results in improved control performance for some range of py
values (CoRay,, co(fy) approaching zero). See Section [S4| for equations and Table [S2) for parameter values.
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Figure S6. Optimizing a controller for different subsystems. (A) Diagrams for three different subsystems
(Egs. gray boxes) that are controlled using the feedback by active degradation motif (FAD v1). (B) The feedback
control parameters (U synthesis rate dependent on Y, uy; W constitutive synthesis rate, puw; and U, W binding
rate, 74) can be optimized for each subsystem to drive CoRa below a given threshold (|CoRa,, co(py) < 0.1])for
a large dynamic range in py, the synthesis rate of Y. The optimization stops after 1000 iterations or whenever
CoRa,,, co(py) < 0.1 for the whole range of p1y values considered; see Sectionfor algorithm details. Optimization
traces (min(CoRa, o(uy)), gray; [CoRay, co(puy) < 0.1], black), as well as the associated parameter values
({pv, pw,n+}), are shown for each system; the CoRa,, co(py) curves for some iterations are also shown. See
Section [S4] for equations and Table [S2| for parameter values.




Table S1. Used parameter values in main figures.

Fig. 2B ATF v1 & v2 [ = 1 x 107 *min™ ", vy = 1 x 107" min™ ', vy = 1 x 10" min T,
(Section py = 0.125min~t, uw = 01nMmin~t 1y = 1 x 107*min~t, n, =
0.0375nM Y min=t, n_ = 0.5min"1, vy = 1min~!
Fig. 2C ATF v1 & v2 | v = 1 x 107 min™ !, v = 1 x 107" min™ ', vy = 1 x 10" min T,
(Section py = 0.125min~t, uw = 01nMmin~t, 1y = 1 x 107*min~t, n, =
0.0375nM Y min=t, uy = 0.125min=t, 4y = 1min=!
Fig. 2D ATF v1 & v2 v = 1 x 107*min™ !, v = 1 x 107 min™ ', vy = 1 x 10 min 1,
(Section py = 0.125min~t, uw = 01nMmin™', 9 = 1 x 107*min~!,
ny = 0.0375nM tmin~!, n_ = 05min~!, vy = 1min7!, ugﬁ) =
{0.3863,3.9,125} min~1
Fig. 3A ATF vl (Sec-| v = 0.01min~ !, vy = 1 x 107 min™L, vy = 1 x 107 ¥min~t, uy =
tion 0.125min~t, gy = 1 x 10~* min~1, ny = 0.0375nM "t min~!, n_ = 0.5min"1,
vy = 01min™!, puw = 1.015nM min~! (black line; Y ~ 10nM for
wy = 1min=1).
Fig. 3B FAD vl (Sec-| v=0.01min~t, vy =0.05min~", yw =1 x 10~ min~!, uy = 0.125 min~1,
tion [S4.2) no = 1 x 107*min~t, ny = 0.0375nM 1 min~t, n_ = 0.5min~!, 1y =
0.1min~t, pw = 0.74nM min~! (black line; Y ~ 10nM for puy = 1min~1).
Fig. 3C FDP vl (Sec-| v =0.01min~t, vy =0.05min~ !, yw =1 x 10~ *min~1, uy = 0.125 min~1,
tion no = 1 x 107*min~!, ny = 0.0375nM 1 min~!, n_ = 0.5min~!, Kp =
0.02nM, vy = 0.1min~ Y, puw = 0.7545nM min~" (black line; Y ~ 10nM for
wy = 1min=1).
Fig. 3D ATF v2 (Sec-| v = 0.0Imin~ %, vy = 1 x 107 2min™1, vy = 1 x 107 ¥min~t, uy =
tion [S4.1) 0.125min~ !, gy = 1 x 10~* min~1, ny = 0.0375nM "t min~!, n_ = 0.5min"1,
vy = 01min™!, puw = 0.478nM min~! (black line; Y ~ 10nM for
wy = 1min=1).
Fig. 3E FAD v2 (Sec-| v=0.01min~t, vy =0.05min~ !, yw =1 x 10~ min~t, uy = 0.125 min~1,
tion [S4.2) no = 1 x 1074 min~', n = 0.0375nM 'min~!, n_ = 0.5min~!, vy =
0.1min=Y, pw = 0.327nM min~! (black line; Y ~ 10nM for py = 1min~1).
Fig. 3F FDP v2 (Sec-| v=0.01min~t, vy =0.05min~", yw = 1 x 10~ min~t, uy = 0.125 min~1,
tion no = 1 x 107*min~!, ny = 0.0375nM 1 min~t, n_ = 0.5min~ !, Kp =
0.02nM, vy = 0.1min~t, uw = 0.333nM min~! (black line; Y ~ 10nM for
wy = 1min=1).
Fig. 3G BNF vl (Sec-| v = 001min~t, vy =1x 10 min~, uyy = 2min~!, Kp = 1nM, vy =
tion 0.1min~t, B = 0.1565min~!, Bp = 1 x 10~*min~"' (black line; Y ~ 10nM
for py = 1min=1).
Fig. 3H BNF v2 (Sec-| v = 001min~t, vy =1 x 10" min~, uyy = 2min~!, Kp = 1nM, vy =
tion 0.1min~t, B =0.0108 min~!, Bp = 0.1565min~! (black line; Y ~ 10nM for
wy = 1min=1).
Fig. 31 FFL vl (Sec-| v = 0.01min~ !, vy = 0.01min~ 1, v = 0.01min~ 1, puw = 0.125min~ 1,
tion Kp =1nM, vy = 0.1min~!, and puy = 0.0334min~"t (black line; Y ~ 10nM
for py = 1min™1).
Fig. 3J BMF vl (Sec-| v = 0.01min~!, uyy = 01nMmin~t, no = 1 x 107*min~1, 7, =
tion [S4.6)) 0.05nM~tmin~t, B4 = 0.5nM 'min~!, By = 0.5nM 'min~!, 7y =
0.1min=1, pa = 0.0338 nM min=t, u; = 0.0125 min~"' (black line; Y ~ 10 nM
for py = 1min=1).
Fig. 3K BMF v2 (Sec-|~vy = 0.01lmin~!, puy = 0.InMmin~t, ny = 1 x 107 min~ 1, n, =
tion 0.05nM~tmin~t, B4 = 0.5nM 'min~!, By = 0.5nM 'min~!, 7y =
0.1min~%, pa = 0.372nM min~', Kp = 1nM, u; = 0.125nM min~! (black
line; Y ~ 10nM for py = 1min=1).




Table S2. Used parameter values in supplementary figures.

Fig.

B2

ATF v1 (Sec-
tion & Sec-

tion

v =001min™ ", vy = yw = 1 x 107 min~ !, py = 0.125min" ', puy =

0.1nMmin™t, ng = 1 x 107*min~t, ny = 0.0375nM *min~t, n_. =
0.5min~!, vy = 1min~'; and specifically for the double-negative subsys-
tem: Kp = 1nM, pp = 1.25min~!, yuy = 12.5nM min~!, K; = 1nM, and for
the subsystem with positive feedback: g = 1.25min™', u1 = 12.5nM min~",
pup = 10nM min~', Kp = 1nM (black lines).

Fig.

8

ATF v2 (Sec-
tion & Sec-

tion

v = 0.0lmin~!, 7 = yw = 1 x 107 min~t, puy = 0.125min~ 1, uy =
0.1nMmin=t, ny = 1 x 107*min~1, ny = 0.0375nM ‘min~!, n_ =
0.5min~!, vy = 1min~!; and specifically for the double-negative subsys-
tem: Kp =1nM, pp = 1.25min"', uy = 12.5nM min~"', K; = 1nM, and for
the subsystem with positive feedback: 1o = 1.25min~!, u; = 12.5nM min~1,

pp = 10nM min~t, Kp = 1nM (black lines).

Fig.

ATF vl & v2

(Section

v = 1 x107"min™ T, v = 1 x 107 min™ ', vy = 1 x 10 min T,
pw = 01nMmin=t, ng = 1 x 107*min~t, ny = 0.0375nM L min~!,
n— = 0.5min~ ', vy = 1min~ !, and uy = 0.125min~ !, py = 0.125 min~",
unless explicitly varied.

Fig. ATF vl (Sec- | vo =yw =0, py = 0.125min~ 1, puw = 0.1nM min=1, g = 1 x 10~ *min~T,
tion ny = 0.0375nM "t min=t, n_ = 0.5min~1, vy = 1min~!, v = {0.001,1 x
107°,1 x 107"} min~!
Fig. ATF v2 (Sec-| vu =yw =0, py = 0.125min~ 1, puyw = 0.1nM min=t, ng = 1 x 10+ min=1,
tion ny = 0.0375nM "t min=t, n_ = 0.5min~!, vy = 1min~!, v = {0.001,1 x
107°,1 x 10~} min =1
Fig. [S5A BNF vl (Sec-| v = 001lmin~ !, vy =1 x 10~ *min~!, uyy = 2min~!, Kp = 1nM, vy =
tion[m]) 0.1min~t, B =0.1565min~ !, Bp = 1 x 10~ *min~1, n = {1, 10, 100}.
Fig. [S5B BNF v2 (Sec-| v = 001lmin™ !, vy = 1 x 10 *min~1, uyy = 2min~!, Kp = 1nM, vy =
tion[m 0.1min~!', B =0.0108min~!, Bp = 0.1565min~1, n = {1,10,100}.
Fig. @C FFL vl (Sec-| v = 0.01min~, vy = 0.01min~ !, yw = 0.01min~ 1, puw = 0.125min~1,
tion [S4.5) Kp =1nM, vy = 0.1min~ !, and py = 0.0334min~t, n = {1,10,100}.
Fig. [S5D BMFEF v2 (Sec-| v = 00lmin~Y, py = 0.1nMmin™t, 1y = 1 x 107 *min™t, 5, =
tion 0.05nMtmin~t, By = 0.5nM 'min~!, v = 01lmin~!, puy =
0.372nM min~t, Kp = 1nM, pu; = 0.125nM min~t, n = {1,10,100},
Br =1{0.5,5,50} nM ~t min~1t.
Fig. [S6B FAD vl (Sec-| v=0.0lmin~ 1, vy =0.05min~ 1, yw = I1x 10" min~1 gy = 1x 10~  min~1,

tion & Sec-

tion

n— = 0.5min"', vy = 1 min~!; and specifically for the double-negative subsys-
tem: Kp =1nM, pp = 1.25min~1, u; = 12.5nM min~', K; = 1nM, and for
the subsystem with positive feedback: g = 1.25min™', p1 = 12.5nM min~",
up =10nM min~', Kp = 1nM; initial parameter values: py = 0.125 min~ 1,

pw = 0.1nM min=!, ny = 0.0375nM ' min~1.




Note: Across this document, capital letters (e.g. X ) represent both the species and its concentration; the sub-index
X refers to the steady state value; and lower-case Greek letters represent parameters, which by default are
non-negative real numbers.

S1 CoRa approach

CoRa —or Control Ratio— aims to quantify the effect of feedback control on a system’s ability to reject a step
perturbation, while considering the effect and constraints of the individual biochemical events. This is done by
directly comparing the feedback system of interest to a locally analogous system without feedback under the
formalism of mathematically controlled comparisons [1]. Each locally analogous system has exactly the same
biochemical reactions and parameters as the original feedback system (i.e. internal equivalence), with the exception of
the feedback input from the controlled subsystem. For each specific parameter set © (i.e. the value of all parameters
describing the system of interest), the feedback input is substituted by an equivalent constant input calibrated such
that the steady-state of all common species between the two systems are identical before a perturbation is applied
(i.e. external equivalence). This equivalence allows for a direct comparison of the output change of both systems
following a specific step perturbation (e.g. step change in a parameter value), while accounting for the influence of
the nonlinearity, saturation, and other intrinsic particularities of the system, and guarantying that any differential
response of these two analogous systems represents an inherent functional difference associated with the feedback
control. The perturbation considered must not affect the constant input of the locally analogous system, as otherwise
the differential output response can no longer be uniquely associated with the feedback control.

Let Yss|lo denote the steady-state value of the system with feedback for a parameter set ©, and Ys, nrle denote
the steady-state value of the locally analogous system without feedback. Let’s also consider a a small step
perturbation of a specific parameter p € © (p — p’). Following this perturbation, Yile p—, and Yss nrlo,p—p
denote that new steady-states of the feedback system and locally analogous system without feedback,respectively.

CoRa is then defined as:

Alog(Yss)|e,p—sp
Alog(Yss NF) |0, p—pr
IOg(YSS|@,P%p’) —log(Yssle)
log(Yss,nFlo,p—p) — log(Yss,nFlo)

Yssle
log (5245 )
log(Yss,NF lo,p—sp’ )

Yss,NFlo

(1)

CoRagpeo(p)

Note that by construction the output of the feedback system and the locally analogous system without feedback are
identical before a perturbation, i.e. Yislo = Yis.nrlo-

Assuming that Ap = p’ — p is small enough, the output of the feedback system and the locally analogous system
without feedback can be expressed as linear functions of Ap. The corresponding CoRa function can then be written
as:

log(Yss(p + Ap)) — log(Yss(p))
log(Yss,nr(p+ Ap)) —log(Yes Nr(p))
log(Yss(p)) + Apghlog(Yes)|, — log(Yss(p))
log(Yss nr(p)) + Apd%log(yss,NF)\p —log(Yss,nr(p))
diplog(Yss)\p

d%lOg(Yss,NFﬂp

CORagee(p) =

(2)

Eq. [2 shows that in this regime, CoRa value is approximately independent of the perturbation size Ap. In all the

analyses presented on this paper, we used p’ = 1.05p. We corroborated that this perturbation size was small enough
to reach the linear regime by confirming that identical results were obtained with p’ = 1.01p. Nevertheless, with the
smaller perturbation size (p" = 1.01p), noise in the numerical solutions was observed for some cases. In general, like

10/27



for any linearization exercise, the acceptable perturbation size for numerical solutions needs to be evaluated for the
specific system and conditions of interest.

The value of CoRagee(p) can be easily related to the logic of the feedback (Fig. [S1)). If CoRagee(p) € [0,1), the
presence of the feedback reduces the effect of the perturbation compared to the locally analogous system without
feedback, i.e. the system has an active negative feedback: either 0 < Alog(Yss)|e,p—p < Alog(Yss nF)|e,p—p OF
0 > Alog(Yss)|e,pop > Alog(Yes NF)|e,p—pr- On the other hand, if CoRageo(p) > 1, the presence of the feedback
amplifies the effect of the perturbation compared to the locally analogous system without feedback, i.e. the system
has an active positive feedback: either Alog(Yss)le,p—p > Alog(Yss nr)|e,p—p > 0 or
Alog(Yss)le,pop < Alog(Yss nr)le,p—p < 0. Finally, if CoRageo(p) = 1, the feedback is effectively inactive. As the
goal of CoRa is to quantify feedback control, which by definition requires a corrective (negative) feedback regulation,
CoRageo(p) is bounded between 0 and 1 for the cases of interest. More specifically, CoRageo(p) = 0 only if the
system displays perfect control (YSS|@,pﬁpr = Yislo), and CoRageo(p) value increases as the control effect decreases
up until CoRageo(p) = 1, when the feedback contribution is effectively zero (i.e. the system response to the
perturbation is exactly the same that the one of the system without feedback).

S2 Analysis of a modified antithetic feedback control strategy using
CoRa

We consider a modified antithetic feedback motif (ATF; based on Briat et al. [2]) with a simple controlled subsystem
consisting of a single molecule Y. The ATF motif consists of two molecules U and W that bind to each other forming
a transitory complex C. C' is then degraded leading to the disappearance of both U and W. Y is produced at a rate
that depends on the concentration of W, while U synthesis is induced by Y. The equations of the full system with
feedback are then given by:

d
U = Y = (y+w)U =0 UW + (o +yw)C (3)
d
o = pw— O+ W)W = UW + (no +w)C (4)
d
EC = e UW —(v+n0+n-+w +w)C (5)

For Y dynamics, two alternative scenarios can be easily foreseen: W can be either inactivated as a transcription
factor once it binds U (ATF v1; Fig. 2A,3A),

£Y = wW-(+w)Y (6)
or W retains its transcription factor activity until degraded (ATF v2; Fig. 2A,3D),
d
%Y = uy(W+C)=(y+w)Y (7)

Here all species are subject to loss by dilution (7), in addition of their own individual degradation rates (o), po

represents the synthesis rate for each molecule (either constitutive, uy, or dependent of a transcription factor, py and

1y ), and 7n_ is the co-degradation rate of U, W in the complex form C; ny is the binding rate of U and W (forming

the complex C); and 7 is the spontaneous unbinding rate of these two molecules (dissociating the complex C).
Choosing Y as the system’s output, the corresponding locally analogous system without feedback maintains the

same ODE equations (Eqgs. and either Eq. |§|or Eq. , with the exception of %,

d
U = Y= (v +w)U =0 UW + (10 + 9w )C (8)

where U synthesis rate now depends on a new molecule Y, with dynamics

d

aY* = py, — (v +m)Yx 9)
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such that Y, is constitutively expressed with synthesis puy.. If yy. = 7y, then the steady state output of the locally
analogous system without feedback Y;s nr is equal to the steady state output of the feedback system Yj, if either
y s« = py Wes or py s = py (Wss + Css), depending on the feedback system being considered (ATF vl or ATF v2).

In this case, since Y, in the locally analogous system without feedback does not depend on any other molecule in
the system, its concentration will remain constant after any type of perturbation. As mentioned above, this is an
important requirement for the mathematically controlled comparison: if a perturbation also affects Y, value (e.g.
experimental perturbations on dilution, 7), the feedback system and the locally analogous system differ in more than
just the feedback information (Fig.[S1ID), and the CoRa value cannot be interpreted as simply the feedback
contribution.

As described by Briat et al. [2], assuming there is no dilution (7 = 0) as well as no individual degradation of U
and W (i.e. independent of the complex formation C; vy, yw = 0), this system (Egs. is expected to display
perfect step disturbance rejection (integral control or perfect adaptation):

d
—U = ugY —n UW +noC

dt
d
@W = pw —ntUW +1oC
d
then a(U -W) = wY —puw
. d _d _ _ Bw
and if - Use = —Wee = 0then Yy, = " (10)

In other words, Yy, is controlled to a reference value ‘;—‘g’, to which it returns exactly after any step perturbation to
the system, provided that the steady-state exists and it is stable (see Olsman et al. [7] for further discussion). This
conclusion is independent of the particular subsystem being controlled, W being inactive (Eq. |§[) or active (Eq.[7) in
the complex form, as well the active degradation rate (n_), and complex formation dynamics (%C).

S2.1 Understanding effect of saturation on modified antithetic feedback control
S2.1.1 ATF control limits with inactive complex

In this section we prove that for the system described in Egs. [316], if (v + yw) > 0, as Y-synthesis rate (uy ) value
decreases, CoRa,,, co(pty) — 1. Similarly, if (v +~y) > 0, as py increases, CoRa saturates with
CoRayy co(py) — 0.5. These analytically argued results are corroborated by computational demonstrations in

Figure [S4A.

Proposition 1. For the system described in Egs. @-@ as py — sy, Alog(Yss) = Alog(uy ) + Alog(Wss). Here, for
brevity, we denote Yislo,uy by Yis, and YSS|@,#/ by Y/ , and similarly for W,,. Therefore

Alog(Yss) = log(Y.,) — log(Yss), Alog(Wss) = lgg(W;S) —log(Wss), and Alog(py) = log(1s-) — log(uy ).
Proof. Given Eq. [0} the output steady state for the system is

Y
Y., = (viw)wss (11)
After a perturbation py — i, the new output steady state can be written as
Iy
vi= () (12)

Then, the effect of the perturbation on the system can be quantified as

!

Alog(Yi) = log(¥%) — log(Yiy) = log 22
(Lyy)WS/S 3 és
() g (1) (1)
= Alog(py) + Alog(Wis) (13)




where the effect of the feedback is introduced by the Alog(Wss) component.

Consequence 1. In the absence of feedback (i.e. when U and the W do not depend on Y'), W, should remain
constant after a py-perturbation, i.e. Alog(Wss) = 0. Then, for this system, the effect of the step py perturbation is
simply equal to the size of the perturbation, i.e. Alog(Yss) = Alog(uy ).

Consequence 2. By definition, a system has feedback control if the presence of feedback reduces the effect of the
perturbation over the output change, i.e. |Alog(Yss)| < |Alog(py)|. Then, in order to have feedback control,
Alog(Wss) < 0 if Alog(py) > 0 (and vice versa). It follows that in a range of py values with effective feedback
control, Wy, must decrease monotonically as py value increases.

Proposition 2. For the system described in Egs. @-@ if (v +yw) >0, the total W steady state
(W ss = Wss + Css) has an upper limit and lower limit that is independent of py . Additionally, Wr 55 approaches its
upper limit when Wss = Wr 55, and its lower limit when Css = Wr 4.

Proof. Let’s define total W as the sum of free molecule W and the complex molecule C, i.e. Wy = W + C. Then,
the equation of change of Wr corresponds to the sum of Eq. 4 and Eq. [B}

d d d
%WT = £W+ £C
= pw—(y+w)W+C)-n_C (14)

Without loss of generality, we represent C' as a fraction of the total W, aWr with a € [0, 1]:

d

ZWr = pw — (v +yw + an_)Wr (15)

Then, in steady state:
Hw

W g = ———— 16
Ty qw - (19)
Given that all involved parameters are non-negative, and a € [0, 1]:
“w < pw < KW
YHaw - T TEWEen Ty gy

Hw Hw
————— < Wre < 17
Y+ w - ' v+ w (7

Notice that the upper limit exists only if (v + yw ) > 0. Moreover, it is clear that Wy s approaches its upper limit
when a — 0, i.e. Wr s = W, while Wy o, approaches its lower limit when a — 1, i.e. Wp o5 = C,.

Proposition 3. For the system described in Eqs.[}{6, and within the range of wy for which the feedback is effective
(t.e. |Alog(Yss)| < |Alog(uy )| for all py values within the range), CoRay, co(py) — 1 as py decreases, provided
that (v + yw) > 0.

Proof. As Wy g5 = Ws + Css is upper bounded (Eq. , W, must have an upper limit as well (i.e. its
supremum, sup,,,. (W) < viYwa ). By Consequence 2 above, within the py range where feedback control is effective,
W value increases as the py value (before a perturbation is applied) decreases. Therefore, as uy decreases, Wi,
approaches its supremum, sup,,, (Ws). As this occurs, the increment to its concentration (Alog(W,)) after an
additional perturbation that decreases the py value even further (i.e. Alog(uy) < 0) is constrained by the Wi,
proximity to its limit. With some abuse of notation, we use the symbol & to denote the situation in which this limit
is taken as W, approaches its upper bound. As a result, in this regime, W, ~ sup,,,. (Wss) and Alog(Wss) = 0.
Now, using Eq. and Consequence 1,

Alog(Yss)

CoRayyco(pny) = m
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Alog(py) + Alog(Ws)

Alog(pry)
. Alog(py)
~ Alog(uy) (18)
~ 1 (19)

Proposition 4. For the system described in Egs.[}[6 and within the range of wy for which the feedback is effective
(i.e. |Alog(Yss)| < |Alog(uy )| for all py values within the range), CoRa,, co(py) — 0.5 as py increases, provided
that (v +~yv) > 0.

Proof. By Consequence 2 above, in a range of py values with feedback control, Wy, value decreases as the uy
value (before a perturbation is applied) increases. As Wr 3 = W + Cs; is lower bounded (Eq. , and Wr g, is
minimal when Cj, approaches Wr 45, Css must have an lower limit as well (i.e. its infimum, inf,, (Css) > ’y-‘r’yltzviw-l-n—)’
and Css — inf,,, (Css) as py increases.

Let’s define total U as the sum of free molecule U and the complex molecule C, i.e. Upr = U + C. Then, the
equation of change of Ur corresponds to the sum of Eq. [3|and Eq.

d d d

a’m = altac
= wY-+w)(U+C)—n-C (20)
= wY —(y+w)Ur —n-C (21)

Let’s assume that py is large enough such that Cs, approaches its lower bound, which is given by ¢ = inf,,, (Css).
With some abuse of notation, we use the symbol ~ to denote the situation in which this limit is taken as Cl;
approaches its lower bound.

puYss —m_c

U
Tos Y+w

(22)
and

Uss = Urss—c
,U/UYss - (777 ++ ’YU)C
7+

Solving Eq. [f]in steady state, and substituting Cs, Uss,

0 = 77+UssWss - ('Y +no+n-+yw + 'VW)Css
W - (7+770+777+WU+7W>(%>
EXS 77+ Uss

C¥s)

Kd(Uss

Q

d( (y+w)e )
puYss — (n— +v+v)c

with K, = X E-tWIIW  Thep golving Eq. |§| in steady state, and substituting W,

Nt
0 = ﬂYWss - ('Y + FYY)}/SS
}/;s = by Wss
Y+ Y

o
2

( y ) ( Kai(y +7v)e )

v+ \poYes — (- + v +w)e

0 o~ V2o ((n— +’Y+’YU)C)Y 3 (uyKd(7+7U)0)
* KU * po (Y +7y)
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e (O (B )

_ (-t +0)e py po Ka(y +yu)
( J (14 )

2uy Y+ y) (- +7+w)3c
_ (—07 LRI (14 T oy ) (25)
2pu

with a := 4( 5 +fy‘g)}(<;_(1:1[’,y)(})zc). As a result, the change of the steady-state output Y, after a small perturbation on

puy (y — pi, used to compute CoRa),

Alog(Yss) =

(" ) (L+ T+ a uy))

P\ (e =W (14 T+ a- oy

L ((1—&-«/1—&-@ uy)> (26)
(1+VI+a-py)

On the other hand, given Consequence 1, the no-feedback system has Alog(Yss nr) = Alog(uy) = log(f:—;‘;), and the
associated CoRa value is given by:

log(ilﬂ My)
CoRa = e (27)
log (1)
As py increases, with (a - py) > 1, such that (1+ 1+ a- py) = /a - py, then
.’ 0.5
log {5277
log(7x)
O.5log(5—l§)
log(7X)
~ 0.5 (28)

CoRa =~

S2.1.2 ATF control limits with active complex

In this section, we demonstate that for the system described in Eqs. BBl7l if (v + yw) > 0, as Y-synthesis rate (uy)
value decreases, CoRa,,, co(py) — 1. Similarly, as py increases, CoRa saturates with CoRa,,, co(py) — 1,
regardless of v, yw, vy = 0. These analytically argued results are corroborated by computational demonstrations in

Figure [S4B.

Proposition 5. For the system described on Eqgs. @-@,@ as py — py, Alog(Yss) = Alog(uy ) + Alog(Wr ss). Here,
for brevity, we denote Yss|o uy by Yss, and YSS|@’#/Y by Y., and similarly for Wr ss. Therefore

Alog(Yss) = log(Yy,) —log(Yss), Alog(Wr,ss) = log(Wr ) —1og(Wr ss), and Alog(uy) = log(uy) — log(py ).
Proof. Given Eq.[7] the output steady state for the system is

Vio = (5550 Wae 4 Ca)

= (2w, (29)

Y+

After a perturbation puy — pf, the new output steady state can be written as

/
Vi = ()i, (30)
Y+ ’
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Then, the effect of the perturbation on the system can be quantified as

Alog(Yss) = log(Yy,) —log(Yss) = 1°g(1yf8/8)
(YW, VAL
- () el )
= Alog(py) + Alog(Wr ss) 81

where the effect of the feedback is introduced by the Alog(Wr 5) component.

Consequence 3. In the absence of feedback (i.e. when U and W do not depend on Y'), Wr s, should remain
constant after a py-perturbation, i.e. Alog(Wr ss) = 0. As a result, the effect of the perturbation on the system is
simply equal to the size of the perturbation, i.e. Alog(Yss) = Alog(uy ).

Consequence 4. By definition, a system has feedback control if the presence of feedback reduces the effect of the
perturbation over the output change, i.e. |Alog(Yss)| < |Alog(py)|. Then, in order to have feedback control,
Alog(Wr ss) < 0 if Alog(py) > 0 (and vice versa). It follows that in range of py values with effective feedback
control, Wr s must decrease monotonically as py value increases.

Proposition 6. For the system described in Egs. @-@@ if (v +yw) >0, the total W steady state
(Wr.ss = Wss + Css) has an upper limit and lower limit, independent of py . Additionally, Wy 55 approaches its upper
limit when Wss = Wr 55, and its lower limit when Cgs = Wr 4.

Proof. Let’s define total W as the sum of free molecule W and the complex molecule C, i.e. Wy = W + C. Then,
the equation of change of Wr corresponds to the sum of Eq. [d and Eq. [}

d d d
= pw—(O+w)(W+C)—n_C (32)

Without loss of generality, we represent C' as a fraction of the total W, aWp with « € [0, 1]:

d

%WT = pw—(y+yw +an_)Wr (33)

Then, at steady state:

“w
Wres = —"—— 34
" Y+ yw +an- (34)

Given that all involved parameters are non-negative, and a € [0, 1]:

Hw pw Hw

< <
THow Hn T TPwEens Ty gy
1w Hw
< W < 35
Vw0 T T Ty (3)

Notice that the upper limit exists only if (y + yw) > 0. Moreover, it is clear that Wr s, approaches its upper limit
when a — 0, i.e. Wr 55 &= Wi, while Wy 55 approaches its lower limit when a — 1, i.e. Wy 55 = Css.

Proposition 7. For the system described in Egs. [3{3[7 and within the range of uy for which the feedback is
effective (i.e. |Alog(Yss)| < |Alog(py)|), CoRa,y co(py) — 1 as py decreases, provided that (v + yw) > 0.

Proof. By Consequence 4, in the range of effective feedback control, Wr 4 value increases as the py value (before
a perturbation is applied) decreases. Therefore, as the py value decreases, Wr 45 approaches its limit, -£%— (Eq. .

Y+Hyw
Therefore, the potential increment to its concentration (Alog(Wr ss)) after a perturbation that decreases py value
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even further (i.e. Alog(py) < 0) is constrained by the Wy s proximity to the limit. With some abuse of notation, we
use the symbol = to denote the situation in which the limit is taken as W4 approaches its upper bound. In this
regime, Wy o5 ~ —t%— and Alog(Ws,) ~ 0. Using Eq. [31{and Consequence 3,

Y+Hyw

Alog(Yss)
Alog(Yes NF)
Alog(py) + Alog(Wr )
Alog(py)
Alog(py)
Alog(py)
1 (36)

CORaNY €0 (,[LY) =

Q

Q

Proposition 8. For the system described in Eqs. @-@@ and within a range in which the feedback is effective (i.e.
|Alog(Yss)| < |Alog(py )| for all py values within the range), CoRa,, co(py) — 1 as py increases.

Proof. By Consequence 4 above, in a range of py values with effective feedback control, Wr s, value decreases as
the py value (before a perturbation is applied) increases. Therefore, as the py value increases, Wy ss approaches its
limit, M/Vi“jrm (Eq. . Then the potential reduction on its concentration (Alog(Wr ss)) after a perturbation that

increases py value even further (i.e. Alog(py) > 0) is constrained by the Wr ss proximity to the limit. Then as the

py value (before a perturbation is applied) increases, such that Wy 55 ~ Mvi“;n_ and Alog(Wss) = 0 (with the

same abuse of notation highlighted above as to limits), using Eq. 31| and Consequence 3,

Alog(Yss)
AIOg(YSS’NF)
Alog(py) + Alog(Wr gs)
Alog(py)
Alog(py)

Alog(pey)
~ 1 (37)

CoRayy co(py)

~
~

Notice this limit exists even if W and U are lost only through their mutual annihilation (i.e. v,yw,yy = 0), as the
active degradation is not spontaneous (i.e. 0 < n_ < c0).

S2.2 Limits and the controlled system

It must be emphasized that the control limits described above depend directly on the specific subsystem being
controlled, and that analytical intuitive expressions might not always be feasible. CoRa has the advantage of not
having to rely on this knowledge. In this paper, we also analyze three different controlled subsystems with the
antithetic feedback control (ATF), for which no clear analytical derivations are possible :

1. One-step subsystem:

d
7Y = wW=O+w)Y (38)
2. Double-negative subsystem:
d
ﬁyo = wW—-+mw)Yo
iy - — v+ )Y
i 1 = ,U1Y0_|_K1 YY)
d D
—Y = —_— — Y 39
o L Tary o (v +v) (39)
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3. Subsystem with positive feedback:

d
%Yo = poW —(v+w)Y
d Y,
—Y, = Y. _ Y;
TRt 51 0+MPY1+KP (Y +w)h
d
%Y uyYr — (v+w)Y (40)

In all cases, W induces the synthesis of the subsystem, and Y is the output of interest, as well as the feedback input
(Egs. Fig. . Choosing Y as the system’s output, the corresponding locally analogous system without feedback
maintains the same ODE equations except for the input to the control subsystem (U synthesis induction for the ATF
examples), where Y is substituted by a new molecule Y, which is constitutively expressed such that the steady state
output of the locally analogous system without feedback Yss yr is equal to the steady state output of the feedback
system Y (i.e. Y. degradation rate vy, = 7y, and Y, synthesis rate, py. = py Wss, py« = /,Lynfif%, or
Wy« = Py Y1 ss, depending on the subsystem being considered). ,

Even with these simple examples, we observed that depending on the subsystem being controlled, the exact same
control motif has not only different performance, but qualitatively different responses to the tuning of the control

parameters (Fig. [S2).

S3 Understanding effect of saturation on buffering 4+ negative
feedback control strategy

System proposed in Hancock et al. (2017) Hancock et al. (2017) explored a simple model proposed to
display perfect adaptation. This system consisted of only two species, one working as a buffer of the other while
inhibiting its own synthesis (i.e. negative feedback). The equations of this control strategy with a the simple
controlled subsystem used in this paper are:

d

%Y = (uy —kY)—=BY +B8pUp — WY (41)
d
%UP = BY —BpUp —yu,Up (42)

where py is the maximum synthesis rate of Y, 5 and Sp are inactivation and activation rates respectively, Up
represents the inactive form of Y, vy and 7y, are the degradation rates of Y and Up, respectively, and & is
inhibition rate of Y over its own synthesis.

At steady state,

Yss
Upow = DY (43)
Bp + YU,
Ky
Y., = (44)
& 5
k+ﬂ_ﬁﬁp+iup +y
Then, assuming Bp > vu,, Yss is controlled with a reference value ki‘;y

We consider a modified implementation of this buffering + negative feedback (BNF v1) control motif where the
feedback has an additional intermediate step:

d

=Y = mU=(y+mw)Y (45)
GU = J)~ ()l — BU + BpUp (16)
%UP = —(v+w,)Up+BU - BpUp (47)
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The steady state solution for U and Up is:

Uss = Y (m) (48)

Ky
UP7SS — L (49)

v +we +Bp

For Y, in the case where f(Y) = py — kY is a linear function:

Yss = v Y Bp (50)
pyk+(y+yu +B) (v +w) — By + W) 0 T
If we assume that v+ vy, =~ 0, then Eq. @ is reduced to:

Yis Y (51)

Mk + (Y +0) (v + )

The system has perfect adaptation only if uyk > (v +vv)(y + 7y ), in which case the reference value is £Z.
In the case where f(Y) = MU% is a Michaelis-Menten function, steady state solution for Y is:

2 I /2] yt+yu+B
—Kp + \/KD +4Kp (’Y-‘r}’;y) (’y-‘rl'j‘/U) (B-‘r’v-‘rl’]w-i-gzb)

2
= (D) viTam) (52)

: (4 1 KU Y+yu+Bp : : :
with a := (KD) (v+w) ('y+’yu> (5+’Y+'YU+BP ) This steady state expression already suggests that perturbations to

py cannot be perfectly controlled anymore. Moreover, we show below that regardless of the parameter values, BNF
vl with a Michaelis-Menten function describing the negative regulation has CoRageceo(uy) > 0.5.

The corresponding locally analogous system without feedback maintains the same ODE equations (Eq. |45/ and
Eq. , with the exception of %,

Y;s =

d
7Y = f(Ye) = (v +w)U = BU + BpUp (53)
where U synthesis rate now depends on a new molecule Y, with dynamics
d

such that, for each parameter set O, Y, is constitutively expressed with synthesis py . equal to Y synthesis rate in the
pre-perturbation steady state solution (i.e. py, = uyU), and degradation rate vy, = vyy. Then, with
fiy,) = unyﬁ, the output steady state solution Y, nr for this locally analogous system without feedback is:

Yo np = ( Kp )( My )( 115 )( v +u + Bp )
(55=) + Kp/ \y+ /Ny + 1w/ \B+v+9u + Bp

_ (MY*ﬁD?DJEJi*,z,Y*Q (%) a-py (55)

Control limits Using Eq. [62| and Eq. the CoRa value for a small perturbation on py (puy — py) is calculated
as,

o ((KTD)(—1+\/W))
& (E2)(~1+VTTapy)
COR&HY e@(HY) = Kp(+vy«) Kp ’
10g<(m)(7)“"“’)

K K
Gy By ) (R )arny

ry«+Kp(y+rys)
1 —1+ 1+a~/_L/Y
0g —1+v/14a-py
Hy
log(X)
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First, we show that CoRa,, ceo(ty) decreases monotonically as the py value (before the perturbation) increases
(i.e. dCoRa,y co(py)/dpy < 0). In order to evaluate the derivative of CoRa, we first need to derive the continuous
form of the CoRa function (CoRac), which corresponds to CoRa evaluated in the limit as the perturbation size
(Apy, with pf = py + Apy) approaches zero,

CoRaf, co(y) = limag, o0(CoRayy colpy))

—1+4/1+a-(py +Apy)
log( —1tvItany |
((MY+AMY)) limauy —o
ry

log(—1+4 v/1+a-(uy + Apy)) —log(—1+ I+ a-py)
log((ny + Apy)) — log(py)

log(—14+4/1+a-(py +Apy))—log(—1+vI+a py)
Apy | .
log((y +Auy) —log(uy) limauy —o
Apy

d/‘fy log(—14++1I+a-puy)

ao=log(py)

log

|limAuY—>o

1 1
= 1+ ——) (57)

2 Vita-py

Then,

d /1 1
c
_— = (14—
CORa“YEG(MY) duy (2( +\/1+Cl'/.l/y>

a

= —— <0 58
A1 +a-py)? (58)

As all parameters are positive (i.e. @ > 0 and py > 0), this derivative is always negative.
From Eq. it is easy to see that as the py value (before the perturbation) increases, with (a - py) > 1, such

that (=1++/1+a-py) =~ \/a- gy, then

g (22500
log ()
0.5 log(4x)
log(4x)
~ 05 (59)

Q

CoRay,y co(py)

It follows that regardless of the parameter values, BNF v1 with a Michaelis-Menten function describing the
negative synthesis regulation has CoRa,,, co(py) > 0.5.

S4 Comparing Feedback Control Morifs with CoRa

For all systems below, Y represents the system output.

S4.1 Antithetic Feedback

We consider a simple version of the Antithetic Feedback motif (ATF) proposed by Briat et al. |2, where Y is being
produced at a rate that depends on the concentration of W, while U synthesis is induced by Y, which then binds W,
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forming a transitory complex C, which eventually leads to the mutual degradation of U and W:

d
%U = prY — (v +v0)U = UW + (no +yw)C (60)
d
W = ww = ()W = UW A (o +0)C (61)
d
@C = iy UW = (v+mn0+n-+w+w)C (62)

For Y dynamics, two alternative scenarios can be easily foreseen: W can be either inactivated as a transcription
factor once it binds U (ATF v1; Fig. 3A),

d

Y = W (Y+w)Y (63)

or W retains its transcription factor activity until degraded (ATF v2; Fig. 3D),

LY = W) ()Y (64)
Here all species are subject to loss by dilution (), in addition of their own individual degradation rates (yg), uo
represents the synthesis rate for each molecule (either constitutive, py, or dependent of the associated transcription
factor, uy and py), and n_ is the co-degradation rate of U, W in the complex form C'; 74 is the binding rate of U
and W (forming the complex C'); and 79 is the spontaneous unbinding rate of these two molecules (dissociating the
complex C).

The corresponding locally analogous system without feedback maintains the same ODE equations (Eq. and
either Eq. 63| or Eq. , with the exception of Clet]a

d
P poYe — (v +70)U = g UW + (o + yw)C (65)

where U synthesis rate now depends on a new molecule Y, with dynamics

d
Pl (v +.)Ye (66)
For each parameter set ©, Y, is constitutively expressed with synthesis py. equal to Y synthesis rate in the
pre-perturbation steady state solution (i.e. either py. = puy Wes or py . = py (Wss + Css), depending on the feedback

system being considered), and degradation rate yy. = vy .

S4.2 Feedback by Active Degradation

We consider a simple version of the Feedback by Active Degradation motif (FAD; [6,9]), where Y is being produced
at a rate that depends on the concentration of W, while U synthesis is induced by Y. Y then binds W, forming a
transitory complex C, which eventually leads to the degradation of only W while freeing U:

d
U = ¥ =0+ w)U =0 UW + (o +yw +1-)C (67)
d
T = pw — Y+ )W = UW + (no +0)C (68)
d
%C = i UW = (v +no+n- 4w +yw)C (69)

For Y dynamics, two alternative scenarios can be easily foreseen: W can be either inactivated as a transcription
factor once it binds U (FAD v1; Fig. 3B),

d
il py W — (v +w)Y (70)
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or W retains its transcription factor activity until degraded (FAD v2; Fig. 3E),

9Ly = (W0~ ()Y (71)
Here all species are subject to loss by dilution (7), in addition of their own individual degradation rates (o), po
represents the synthesis rate for each molecule (either constitutive, uy, or dependent of the associated transcription
factor, py and py ), and 7_ is the active degradation rate of W in the complex form C; 7, is the binding rate of U
and W (forming the complex C'); and 79 is the spontaneous unbinding rate of these two molecules (dissociating the
complex C).

The corresponding locally analogous system without feedback maintains the same ODE equations (Eq. and
either Eq. |70 or Eq. , with the exception of %,

d
prid poYe = (v +70)U =3 UW 4 (o + yw +1-)C (72)

where U synthesis rate now depends on a new molecule Y, with dynamics

d
%Y* = py, — (v +m)Yx (73)

For each parameter set O, Y, is constitutively expressed with synthesis uy, equal to Y synthesis rate in the
pre-perturbation steady state solution (i.e. either py. = puy Ws or py s« = py (Wss + Css), depending on the feedback
system being considered), and degradation rate yy. = vy .

S4.3 Feedback by Active Degradation + Positive Feedback with inactive complex

We consider the FAD motif with the addition of a positive feedback (FDP; [3l[9]), i.e. W induces its own synthesis.
Once again, two alternative scenarios can be easily foreseen: W can be either inactivated as a transcription factor
once it binds U (FDP v1; Fig. 3C),

d

U = oY = (r+w)U = UW + (o + 9w +0-)C (74)
d w

%W = MW(m)—(W+’YW)W_77+UW+(770+’YU)O (75)
d

%C = i UW —(y+n0 +n- 4+ +w)C (76)
d

Y = W= ()Y (77)

or W retains its transcription factor activity until degraded (FDP v2; Fig. 3F),

d

%U = puY = (y+v0)U =0 UW + (o +yw +n-)C (78)
d_ (W +C)

@V = (o) T O wW S U (4 0)C (79)
d

%C = n UW —(y+n0 +n- 4+ +yw)C (80)
d

%Y = uyW+0C)—(v+w)Y (81)

Here all species are subject to loss by dilution (), in addition of their own individual degradation rates (yo), uo
represents the synthesis rate for each molecule, Kp is the Michaelis-Menten constant for W auto-regulation, and 7_
is the active degradation rate of W in the complex form C; ny is the binding rate of U and W (forming the complex
(); and 79 is the spontaneous unbinding rate of these two molecules (dissociating the complex C).
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The corresponding locally analogous system without feedback maintains the same ODE equations (either
k1)

Eq. or Eq. 1), with the exception of %,
d
%U = wYe— (v +w)U =0 UW + (o +yw +n-)C (82)

where U synthesis rate now depends on a new molecule Y, with dynamics

d
Yo py. — (v +w.)Ys (83)
For each parameter set ©, Y, is constitutively expressed with synthesis py. equal to Y synthesis rate in the
pre-perturbation steady state solution (i.e. either py. = puy Wes or py s« = py (Wss + Css), depending on the feedback

system being considered), and degradation rate yy. = vy .

S4.4 Buffering + Negative Feedback

We consider a motif with negative feedback and a buffering loop (BNF vl & v2; Fig. 3G-H), similar to the one
proposed in Hancock et al. [4], where Y represses the synthesis of U, and U transitions to an alternative state Up
and vice versa:

d Kp
SU = MU(iYH(D)—(7+7U>U—5U+ﬂpUp (84)
d

%UP = —(v+w)Up+BU —ppUp (85)

closing the feedback with either U inducing Y synthesis (BNF v1; Fig. 3G),

d
%Y = wU-O+w)Y (86)

or Up inducing Y synthesis (BNF v2; Fig. 3H):

d
ay = puyUp—(y+w)Y (87)

Here all species are subject to loss by dilution (), in addition of their own individual degradation rates (vy for Y,

and vy for both U and Up), py is the maximum synthesis rate of U (in absence of Y), uy is the synthesis rate of Y

(depending either on U, Eq. or Up, Eq. , and (8, Bp are the transition rates from U to Up, and viceversa.
The corresponding locally analogous system without feedback maintains the same ODE equations (Eq. and

either Eq. 86| or Eq. , with the exception of %,

d Kp

where U synthesis rate now depends on a new molecule Y, with dynamics

d
7 = v - ()Y (89)
For each parameter set O, Y, is constitutively expressed with synthesis uy . equal to Y synthesis rate in the
pre-perturbation steady state solution (i.e. either (i.e. either py. = pyUss or py. = pyUp g5, depending on the

feedback system being considered), and degradation rate vy, = vy .
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S4.5 Feedback + Feedforward Loop

We consider a motif with negative feedback and a coherent feed-forward loop (FFL; Fig. 3H), similar to the one
proposed in Harris et al. [5], where Y represses the synthesis of U, and U induces the synthesis of both Y and W,
which in turns also induces Y synthesis:

d Kp

%U = MU(7Y+KD>_(’Y+'YU)U (90)
d

W= U=y +w)W (91)
d

ﬁy = uwy(U+W)—=(y+w)Y (92)

Here all species are subject to loss by dilution (), in addition of their own individual degradation rates (yg), and ug
represents the synthesis rate for each molecule.
The corresponding locally analogous system without feedback maintains the same ODE equations (Eq. ,

with the exception of %,

Kp

d
%U = HU(m) - (v +)U (93)

where U synthesis rate now depends on a new molecule Y, with dynamics

d
TR py. = (v +w.)Ys (94)
For each parameter set O, Y, is constitutively expressed with synthesis uy, equal to Y synthesis rate in the
pre-perturbation steady state solution (i.e. py. = py (Uss + Wys)), and degradation rate vy, = vyy.

S4.6 Brink Motif Feedback

We consider a simple version of the Brink motif (BMF) proposed by Samaniego & Franco [8], where A and I bind
and annihilate each other (by creating the complex C), A induces the activation of U (Up to U), while I induces its
inactivation (U to Up), and U induces the synthesis of Y

%O = —yC +ny A —19C + B AUp (95)
%U = py —U + BaAUp — 11U (96)
GUp = —Up— BaAUp + 81U (97)
%Y = wU-(+w)Y (98)

With Y either inducing the synthesis of I (BMF v1; Fig. 31),

d
74 = pa—vA-n AL+ 000 — B4 AUP (99)
a[ = /,L]Y—’YB—T].,.AI—F?]()O—B]IU (100)

or Y repressing the synthesis of A (BMF v2; Fig. 3J),

d Kp

—A = — | —yA—n Al — BAA 101
7 uA(Y—&—KD) YA =y Al +noC — faAUp (101)
d

a1 = m =B =0y Al +noC — 11U (102)
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Here all species are subject to loss by dilution (), ug represents the synthesis rate for each molecule (except Up,
which is only created by the inactivation of U), 74 is the binding rate of A and I (forming the complex C), g is the
spontaneous unbinding rate of these two molecules (dissociating the complex C'); and 4, 81 are the activation and
inactivation rates of U, respectively. Finally, Kp is the Michaelis-Menten constant for the transcriptional repression
by Y on Eq.

The corresponding locally analogous system without feedback maintains the same ODE equations (Eq. and
either Eq. 99| or Eq. 7 with the exception of % for BMF vl1,

=1 1Yy — B — i AL+ 10C — B IU (103)
or 24 for BMF v2,
d K
ZA = pa (ﬁ) —NA = AL+ 0oC — BaAUp (104)

where I, A synthesis rate, respectively, now depends on a new molecule Y, with dynamics

d

prl py. — (v +.)Ys (105)

such that Y, is constitutively expressed with synthesis py. equal to Y synthesis rate in the steady state solution for
each parameter set © (i.e. either uy. = uyUss), and degradation rate vy . = vy, before the perturbation.

S5 Using CoRa to design biomolecular feedback control mechanisms

Below, we present the details of the optimization of the CoRa function over control parameters. For this, we
implemented a simple algorithm with two optimization phases: choosing for parameter values that (1) reduce the
CoRa value up until min(CoRa) < e (with € being a threshold picked by the user), and then (2) expand the range of
parameter set values 6 (e.g. range of py values) with min(CoRa) < e. Multiple parameter sets might result in
equivalent efficient control for a given feedback control system. This can be explored computationally by running the
optimization algorithm for multiple initial conditions and/or random number chains. Iterations of the optimization
process allow to determine the region of the parameter space and relationship between parameters associated to the
optimal performance for the case of interest.

S5.1 Optimizing feedback control designs

The goal is to maximize the range of values of a specific parameter § € © where CoRageo(p) < €. For this, we
consider two phases of the optimization: first minimizing the min(CoRag.g(p)) up until it is less or equal €; then
maximizing the magnitude of |CoRageco(p) < €| in the explored range (in the logarithmic scale).

Error function, \?

Minimizing min(CoRa,cg(p))

We define our error function (sum of square errors) by assuming the optimal point D = 0, and considering the
expected variance of uniform distribution ~ U[0,1] (62 = 0.083). Then our error function in the initial phase of the
optimization is:

2o (O—min(c;glzaee@(m)) (106)
_ min((jo;%:ge@(p))2 (107)
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Maximizing |CoRagco(p) < €|

We assume the optimal point D = 1 for all values of § € © in the range of interest, then
/ DA = 0] = Opas — Oin = 7 (108)

And for each data point 6;, y; is 1 if CoRag,co(p) < ¢, 0 otherwise. Then (D; — y;)? = 0 for the range where
CoRagpeo(p) < ¢, 1 otherwise. Finally,

/ (Di — yi)* = — |CoRag,co(p) < ¢ (109)

And the range of interest is maximized as this value is minimized. Then, our error function in this phase of the
optimization is:

2 _ 1 —|CoRag,co(p) < ¢
X~ = 502 (110)

We initially tried using the variance of a uniform function ~ U[0, 7] (62 = 0.083r2) for the error function, but it
resulted in very noisy simulations. So we opted for the same variance than when minimizing min(CoRay g (p))
(02 = 0.083).

Metropolis Random Walk algorithm

For each phase, an error function is defined, and a Metropolis Random Walk algorithm implemented as follows:
1. Choose some initial parameters 07 and calculate the corresponding likelihood.
2. Tterate over t = {1,2,...,tarax } as follows:

(a) Draw a random proposal ¢ ~ O x 10M1e11(©%) where Njje((0,%) is a Multivariate Normal distribution
with the same dimension as ©(;), mean zero and covariance matrix 3 = 0.1.

(b) We construct a likelihood function using a Gaussian function:
P(D|©) = exp(—x?) (111)

where © is the set of parameter to be optimized, D is the optimal data, and x? is the error function
(which depends on the optimization phase). Note the likelihood is maximal when the error is minimal.
Then we calculate the likelihood ratio:

L, P(D|¢) 2 .2
= = exp(—x: + X 112
Lo, PDoy) ~ “ ®) (112)

Accept the proposed ¢ if the ratio is larger than a random number ~ UJ0, 1]. The proposed value is always
accepted if the error is smaller (i.e. it’s better).

L
"L

(c) Update parameters © ;1) < ¢ with probability min(1 ); otherwise, © 141y < O ).
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